In this paper, we use weakly commuting and weakly compatible conditions of self-mapping pairs, prove some new common fixed point theorems for three pairs of self-mappings in G-metric spaces. An example is provided to support our result. The results presented in this paper extend and improve several well-known comparable results. MSC: 47H10; 54H25; 54E50
Introduction and preliminaries
The metric fixed point theory is very important and useful in mathematics. It can be applied in various areas, for instance, approximation theory, optimization and variational inequalities. Many authors have introduced the generalizations of metric spaces, for example, Gähler [ 
, ] (called -metric spaces) and Dhage [, ] (called D-metric spaces).
In , Mustafa and Sims [] found that most of the claims concerning the fundamental topological properties of D-metric spaces are incorrect. Therefore, they [] introduced a new structure of generalized metric spaces, which are called G-metric spaces, as a generalization of metric spaces, to develop and introduce a new fixed point theory for various mappings in this new structure. Later, several fixed point and common fixed point theorems in G-metric spaces were obtained by [-] .
The purpose of this paper is to use the concept of weakly commuting mappings and weakly compatible mappings to discuss some new common fixed point problem for six self-mappings in G-metric spaces. The results presented in this paper extend and improve the corresponding results of Abbas et We now recall some definitions and properties in G-metric spaces.
Definition . []
Let X be a nonempty set and let G : X × X × X → R + be a function satisfying the following properties:
(G  ) G(x, y, z) =  if x = y = z; (G  )  < G(x, x, y) for all x, y ∈ Xwith x = y; http://www.fixedpointtheoryandapplications.com/content/2013/1/174 , a, a) + G(y, a, a) + G(z, a, a) ).
(iii) G(x, y, y) ≤ G(y, x, x); (iv) G(x, y, z) ≤ G(x, a, z) + G(a, y, z); (v) G(x, y, z)
≤   (G(x, y, a) + G(x, a, z) + G(a, y, z)); (vi) G(x, y, z) ≤ (G(x
Common fixed point theorems
Theorem . Let (X, G) be a complete G-metric space, and let f , g, h, A, B and C be six mappings of X into itself satisfying the following conditions: Proof Suppose that mappings f , g, h, A, B and C satisfy condition (.).
Let x  in X be an arbitrary point since
There exist the sequences {x n } and {y n } in X such that y n = fx n = Bx n+ , y n+ = gx n+ = Cx n+ , y n+ = hx n+ = Ax n+ for all n = , , , . . . . If there exists n  ∈ N such that y n  = y n  + , then the conclusion (I) of Theorem . holds. In fact, if there exists p ∈ N such that y p+ = y p+ , then fu = Au, where u = x p+ . Hence the pair (f , A) has a coincidence point u ∈ X. If y p = y p+ , then gu = Bu, where u = x p+ . http://www.fixedpointtheoryandapplications.com/content/2013/1/174 Therefore, the pair (g, B) has a coincidence point u ∈ X. If y p+ = y p+ , then hu = Cu, where u = x p+ . And so the pair (h, C) has a coincidence point u ∈ X.
On the other hand, if there exists n  ∈ N such that y n  = y n  + = y n  + , then y n = y n  for any n ≥ n  . This implies that {y n } is a G-Cauchy sequence.
Actually, if there exists p ∈ N such that y p = y p+ = y p+ , then applying the contractive condition (.) with x = y p+ , y = y p+ and z = y p+ , we get
If y p+ = y p+ , then from condition (G  ) and Proposition .(iii), we get  < G(y n+ , y n+ , y n+ ) ≤ kG(y n+ , y n+ , y n+ ) ≤ kG(y n+ , y n+ , y n+ ),
. So, we find y n = y p for any n ≥ p. This implies that {y n } is a G-Cauchy sequence. The same conclusion holds if y p+ = y p+ = y p+ , or y p+ = y p+ = y p+ for some p ∈ N.
Assume for the rest of the paper that y n = y m for any n = m. Applying again (.) with x = y n , y = y n+ and z = y n+ and using conditions (G  ) and (G  ), we get that
) we obtain
It follows from (.), (.) and (.) that, for all n ∈ N,
Therefore, for all n, m ∈ N, n < m, by (G  ) and (G  ), we have
Hence {y n } is a G-Cauchy sequence in X. Since X is a complete G-metric space, there exists a point u ∈ X such that y n → u (n → ∞).
Since the sequences {fx n } = {Bx n+ }, {gx n+ } = {Cx n+ } and {hx n- } = {Ax n } are all subsequences of {y n }, then they all converge to u y n = fx n = Bx n+ → u, y n+ = gx n+ = Cx n+ → u,
(.) http://www.fixedpointtheoryandapplications.com/content/2013/1/174
Now we prove that u is a common fixed point of f , g, h, A, B and C under condition (a). First, we suppose that A is continuous, the pair (f , A) is weakly commuting, the pairs (g, B) and (h, C) are weakly compatible.
Step . We prove that u = fu = Au. By (.) and a weakly commuting of mapping pair (f , A), we have
Letting n → ∞ and using Proposition .(iii), we have
which implies that G(Au, u, u) = , and so Au = u since  ≤ k <   . Again, by use of condition (.), we have
Letting n → ∞, using (.), u = Au and Proposition .(iii), we obtain
G(fu, u, u) ≤ k max G(u, u, u), G(u, fu, fu), G(u, u, u), G(u, u, u), G(u, u, u), G(u, u, u), G(u, fu, fu), G(u, u, u), G(u, fu, fu), G(u, u, u) = kG(u, fu, fu) ≤ kG(fu, u, u).
This implies that G(fu, u, u) =  and so fu = u. Thus we have u = Au = fu.
Step . We prove that u = gu = Bu. http://www.fixedpointtheoryandapplications.com/content/2013/1/174
Since f (X) ⊂ B(X) and u = fu ∈ f (X), there is a point v ∈ X such that u = fu = Bv. Again, by use of condition (.), we have 
Letting n → ∞, using u = Au = fu = Bv and Proposition .(iii), we have
G(u, gv, u) ≤ k max G(u, u, u), G(u, u, u), G(u, gv, gv), G(u, u, u), G(u, gv, gv), G(u, u, u), G(u, u, u), G(u, u, u), G(u, u, u), G(u, gv, gv)
which implies that G(u, gv, u) = , and so gv = u = Bv. Since the pair (g, B) is weakly compatible, we have
Again, by use of condition (.), we have 
Letting n → ∞, using u = Au = fu and gu = Bu and Proposition .(iii), we have
gu, u), G(u, u, u), G(gu, gu, gu), G(u, u, u), G(u, gu, gu), G(u, u, u), G(gu, u, u), G(gu, u, u), G(u, u, u), G(u, gu, gu)
This implies that G(u, gu, u) = , and so u = gu = Bu.
Step . We prove that u = hu = Cu. Since g(X) ⊂ C(X) and u = gu ∈ g(X), there is a point w ∈ X such that u = gu = Cw. Again, by use of condition (.), we have , fu, fu) , G(Cw, gu, gu)
G(Au, Bu, Cw), G(Au, fu, fu), G(Bu, gu, gu), G(Cw, hw, hw), G(Au, gu, gu), G(Au, hw, hw), G(Bu, fu, fu), G(Bu, hw, hw), G(Cw
. http://www.fixedpointtheoryandapplications.com/content/2013/1/174
Step . We prove that u = hu = Cu. Since g(X) ⊂ C(X) and u = gu ∈ g(X), there is a point t ∈ X such that u = gu = Ct. Again, by use of condition (.), we have , gu, gu), G(Ax n , ht, ht) , G (Bu, fx n , fx n ), G(Bu, ht, ht) ,
Letting n → ∞, using u = gu = Bu = Ct and Proposition .(iii), we obtain
Thus G(u, u, ht) = , and so ht = u = Ct.
Since the pair (h, C) is weakly compatible, we have
Again, by use of condition (.), we have
Letting n → ∞, using u = fu = gu = Bu, Cu = hu and Proposition .(iii), we have
which implies that G(u, u, hu) = , and so hu = u = Cu.
Step . We prove that u = Au. Since h(X) ⊂ A(X) and u = hu ∈ h(X), there is a point p ∈ X such that u = hu = Ap. Again, by use of condition (.), we have
Using u = gu = Bu, u = hu = Cu and Proposition .(iii), we obtain
Hence G(fp, u, u) = , and so fp = u = Ap. Since the pair (f , A) is weakly compatible, we have
Therefore u is the common fixed point of f , g, h, A, B and C when S is continuous and the pair (f , A) is weakly commuting, the pairs (g, B) and (h, C) are weakly compatible.
Similarly we can prove the result that u is a common fixed point of f , g, h, A, B and C under the condition of (b) or (c).
Finally, we prove the uniqueness of a common fixed point u.
Let u and q be two common fixed points of f , g, h, A, B and C. By use of condition (.), we have
This implies that G(q, u, u) = , and so q = u. Thus the common fixed point is unique.
The proof using (.) is similar. This completes the proof. 
Note that A is G-continuous in X, and f , g, h, B and C are not G-continuous in X. g, B) is weakly compatible. Similarly we can prove the pair (h, C) is also weakly compatible.
(iii) Now we prove the mappings f , g, h, A, B and C satisfy condition (.) of Theorem . 
Thus we have
Hence we get
Therefore we obtain
Thus we have g or B is G-continuous, the pair (g, B) is weakly commuting, the pairs (f , A) and (h, C) are weakly compatible; (c) Either h or C is G-continuous, the pair (h, C) 
